ABSTRACT. We consider a initial-boundary value problem for a sixth order degenerate parabolic equation. Under some assumptions on the initial value, we establish the existence of weak solutions by the time-discrete method. The uniqueness, asymptotic behavior and the finite speed of propagation of perturbations of solutions are also discussed. 
Introduction
This paper is concerned with a sixth order degenerate parabolic equation of the form ∂u ∂t = div(|∇∆ 2 u| p−2 ∇∆ 2 u), x∈ Ω, t > 0, p > 2, (1.1) where Ω ⊂ R N is a bounded domain with smooth boundary. On the basis of physical consideration, as usual the equation (1.1) is supplemented with the natural boundary value conditions u = ∆u = ∆ 2 u = 0, x∈ ∂Ω, t > 0, (1.2) and the initial value condition u(x, 0) = u 0 (x), x∈ Ω.
(1.
3)
The equation (1.1) is a typical higher order equation, which is obtained for power-law fluids spreading on a horizontal substrate [5, 6, 8] . We refer also the following relevant equation This paper is arranged as following, we first discuss the existence of weak solutions in Section 2. Our method for investigating the existence of weak solutions is based on the time discrete method to construct an approximate solutions. By means of the uniform estimates on solutions of the time difference equations, we prove the existence of weak solutions of the problem (1.1)-(1.3). Using energy techniques, Poincaré inequality and Hardy inequality, we also prove the uniqueness, asymptotic behavior and finite speed of propagation of perturbations subsequently.
Existence of weak solutions
In this section, we are going to prove the existence of weak solutions.
3) admits at least one weak solution.
To prove the existence, we first consider the following time-discrete problem 1
2)
P r o o f. First we define the space
It is not difficult to conclude that the space U is a Banach space. Let us consider the following functionals on the space U
where f ∈ L 2 (Ω) is a known function. By the Young inequality, we see that for
We need to check that H[u] satisfies the coercive condition. For this purpose, we notice that by u ∂Ω = 0 and using the L p theory for elliptic equation (see [4] ),
is clearly weakly lower semicontinuous on U . So, it follows from the theory in [3] that there exists
and u * is the weak solution of the Euler equation corresponding to H [u] , namely
Choosing f = 1 h u k , we get the conclusion of the lemma. The proof is complete.
Now, we construct an approximate solution u h of the problem (1.1)-(1.3) by defining
The desired solution of the problem (1.1)-(1.3) will be obtained as the limit of some subsequence of {u h }. To this purpose, we need some uniform estimates on u h .
Ä ÑÑ 2.2º For the weak solution u k of the problem (2.1)-(2.2), the following estimates hold
where C is a constant independent of h, k.
P r o o f. i) We take ϕ = ∆ 2 u k+1 in the integral equality (2.3) (we can easily prove that for ϕ ∈ W 1,p 0 (Ω), (2.3) also holds) and obtain 1 h
Then by Young inequality, we have 1 h
Summing up these inequalities for k from 0 to N − 1, we have
3) and integrating by parts, we have 1 h
Since the first term of the left hand side of the above equality is nonnegative, it follows that
For any m with 1 ≤ m ≤ N − 1, summing up the above inequality for k from 0 to m − 1, we have
Hence (2.5) holds.
Ä ÑÑ 2.3º Let u k+1 be the weak solution of the problem (2.1)-(2.2). Then the following estimate holds
where C is a constant independent of h. P r o o f. To prove the first inequality, we choose ϕ = ∆ 2 u k in (2.3), integrating by parts and using the boundary value condition, we obtain
Applying the Hölder inequality and the estimate (2.5), we have
By (2.6) again, we have
The proof is complete.
P r o o f o f T h e o r e m 2.1. First, we define the operator A t by
From the discrete equation (2.1) and (2.4) in Lemma 2.2, we see that
By (2.3), (2.5), (2.8) and using the compactness results (see [10] ), we see that there exists a subsequence of {u h } (which we denote as the original sequence), such that
where p is the conjugate exponent of p. Then from (2.3), we see that, for any 
where kh < t ≤ (k + 1)h, k = 0, 1, . . . , N − 1. By (2.7), we have
and
According to the Ascoli-Arzela theorem, there exists a function f (t) ∈ C([0, T ]), such that lim
Using (2.7), we have
It follows form (2.6) that
Letting h → 0 in above inequality and using (2.10), we have 
Thus lim h→0 1 2ε
where ·, · denote inner product. From (2.9), we have
Again by
By (2.11) and the fact that F (u) is weakly lower semicontinuous, letting h → 0 in the above equality, we have
Replacing g by εg + u, we see that
Letting ε → 0, which implies that
Due to the arbitrariness of g, we get the opposite inequality of the above inequality. Therefore
The strong convergence of u h in C(0, T ; L 2 (Ω)) and the fact that u h (x, 0) = u 0 (x) implies that u satisfies the initial value condition. The proof is complete.
Uniqueness of solutions
In this section, we will prove the uniqueness of solutions.
Ì ÓÖ Ñ 3.1º the problem (1.1)-(1.3) admits at most one weak solution.
To prove Theorem 3.1, we need the following lemma.
Taking ϕ = ϕ k (x, t)η h (t) in the definition of weak solutions, we have
Observing that
and u ∈ C(0, T ; L 2 (Ω)), we see that the right hand side tends to zero as h → 0.
A SIXTH ORDER DEGENERATE EQUATION WITH p-LAPLACIAN OPERATOR
Similarly,
For fixed τ ∈ (0, T ), and any h with 0 < τ < τ + h < T, letting t 1 = τ , t 2 = τ + h, and multiplying (3.1) by
where
0, t > T− h.
P r o o f o f T h e o r e m 3.1. Suppose that u 1 , u 2 are two solutions of the problem (1.1)-(1.3). Then we have Then
